Effect of temporal pulse shape of intense few cycle ultrashort pulses on the momentum distribution of e + e − pairs is studied using quantum kinetic equation. Single and multi-sheeted Gaussian and Sauter pulses, are considered toward the end. For multi-sheeted pulses having few cycle of oscillations the temporal profile of the pulse is revealed in the interference pattern of the momentum spectrum at asymptotic times. The onset of the oscillation due to the quantum interference between the neighbouring turning point structures takes place for fewer subcycle oscillations for the Gaussian pulse than that for the Sauter pulse. Furthermore, the oscillation amplitude for the same number of subcycle oscillations within the pulse duration is larger for the Gaussian pulse. The presence of the carrier-envelope offset phase and the frequency chirping is found to magnify these differences. These observations are explained in terms of the turning point structure in complex t-plane and temporal shape of potential causing the over the barrier scattering both quantitatively and qualitatively.
I. INTRODUCTION
The generation of particle-antiparticle pair can be described either perturbatively in the process of high energetic photons interacting with the heavy nucleus or non-perturbatively for the decay of vacuum in the presence of strong electric field [1] . The latter is known as Schwinger mechanism [1] . Despite being fundamentally important this mechanism of pair production lacks experimental verification because of its requirement of the peak field strength (E S = 1.32×10 18 V/m) [2] . Of late the rapid development towards the generation of ultrashort and ultraintense laser electromagnetic (EM) field, has inspired world wide efforts to set up facilities for its this process has generated some renewed attention to get the experimental verification [3] [4] [5] [6] .
While the efforts are on for its experimental verification, the mechanism has been theoretically analyzed for various configurations of EM fields of the light sources currently available or expected to be available in the near future [4] . The theoretical description of Schwinger used electric field constant in time and uniform in space. The formalism was extended for time and space varying fields due to ultrashort and ultraintense laser pulses. However, as the pulse duration is reduced further in the range of few hundreds of atto-second when where it is no more much larger than the characteristic Compton time use of Schwinger formula to describe the pair production rate is questionable. Furthermore in such cases the transient and non-equilibrium dynamics of the produced particles can only be described in the framework of the kinetic theory approach using quantum Vlasov equation (QVE) [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . This methodology has a strong relevance in the context of the momentum distribution of the created pairs in semiclassical approximation where the asymptotic reflection coefficient gives the average particle numbers in a particular mode [24] . The formulation was used in studying the time-domain multiple-slit interference effect from vacuum in [25] . The theory is being extensively used to study the rich dynamical behaviour of the pair creation process for the time dependent but spatially homogeneous field configuration.
The temporal characteristics of the ultrashort pulses consist of a temporal profile with a given pulse duration τ, number of subcycle oscillations ωτ with ω being the carrier frequency, carrier envelope phase and frequency chirp parameter(s). Gaussian and Sauter are the two most commonly used (quite often interchangeably) temporal profiles. A simple Sauter pulse without any subcycle oscillation (also known as single sheeted Sauter pulse) offers analytical solutions for the momentum distribution [20] and the dynamics of produced pairs [12] . In the present paper, we study the effect of sub-cycle oscillations of the electric field under the smooth profile of the time dependent electric pulse on the asymptotic distribution function of the created particle-antiparticle pairs using quantum kinetic equation.
We find that as long as the number of subcycle oscillations ωτ ≤ 3, the momentum distribution for the two pulses are nearly identical at all times beyond the transient region. The distribution is smooth having a single peak. As the number of subcycle oscillations is increased, the momentum distributions at large times (asymptotic momentum distributions) become different in the appearance of the oscillations over the smooth profile of the momentum spectrum. The onset of oscillation takes place for ωτ = 6 for the Sauter pulse. On the other hand for the Gaussian pulse, the oscillations appear for ωτ = 4. Furthermore, for the same value of ωτ the amplitude of oscillation is smaller for the Sauter pulse. These observations are qualitatively explained by invoking the connection between the pair creation by EM field to the over-the-barrier scattering problem. The results are also quantitatively explained by analysing in detail the structure of turning points in the complex t-plane in stationary phase approximations. We further study the effect of the carrier-offset phase on the momentum spectrum where the oscillations in the spectrum show strong enhancement. Finally, we look at the effect of the linear frequency chirp on the momentum spectrum where the regular profile of the distribution is washed away by vigorous and irregular oscillations.
This paper is structured as follows: In Sec. II we discuss briefly the relevance of Sauter pulse to the counterpropagating configuration of intense ultrashort pulses. We also outline the basic formulation of the quantum kinetic equation (QKE) in the context of particle production from the time dependent but spatially uniform electric fields. We present our numerical results for the multisheeted Sauter and Gaussian pulses with different values of ωτ parameter in Sec. III. The effect of the carrier-envelope offset phase and the linear frequency chirp on the momentum spectrum is studied in this section. We conclude in Sec. IV. Both qualitative and quantitative understanding on the onset of oscillation over the momentum spectrum is discussed in Appendix. A.
II. THEORY A. Laser field model
It is well known that the electric field given by the spatially homogeneous Sauter/ Gaussian may arise in the focal region of the counterpropagating laser pulses. Here we give two such examples from Ref. [26, 27] wherein the focused EM field model by Narozhny-Fofanov [28] was used. When the counterpropagating pulses with amplitude E 0 /2 are linearly e-polarized or are in combination of right-left circular polarization the expressions of the electric and magnetic fields at the focus (x = y = z = 0) are of the form
where g(t) is the temporal envelope function to describe the electric field for a finite duration of time and φ is the carrier-envelope offset phase i.e., the phase difference between the high frequency carrier wave and the envelope function [29] [30] [31] which plays an important role in laser matter interaction for the ultrashort pulses. If we take g(t) = exp(−t 2 /2τ 2 ), we get the spatially uniform multi-sheeted Gaussian field
where τ is the total pulse length. On the other hand, by taking g(t) = cosh −2 (t/τ) the form of the multi-sheeted Sauter field
These are the two widely used temporal fields in the studies of QKE.
The applicability of the spatially uniform field approximation may be justified as the spatial length scale of the EM field of the laser pulse is much larger than the characteristic Compton length (Ż = /m e c) of the QED process. The corresponding time dependent vector potential A(t) = (0, 0, A(t)) can easily be calculated by the relation E(t) = −∂ A(t)/∂t where we have assumed the scalar potential A 0 = 0 (temporal gauge). Fig. 1 shows the shape of the time dependent electric field for Sauter and Gaussian pulses with different values of ωτ parameter. The value of the ωτ parameter is taken as 3 and 7. The shape of the simple Sauter (E(t) = E 0 cosh −2 (t/τ)) and simple Gaussian (E(t) = E 0 exp(−t 2 /2τ 2 )) fields (these are also known as single-sheeted Sauter and Gaussian fields) are shown as a reference. We use the Eq. 1 for the multi-sheeted electric fields to calculate the momentum spectrum of created particles.
B. Mathematical formalism of the quantum kinetic theory
The kinetic equation used in this work has been derived using different techniques by various researchers [20, 21, 32] . Here we give the essential steps closely following the derivation given [19, 32] . The basic formulation of fermionic pair production can be derived from the Dirac equation for the matter field Ψ(x)
Here, we have assumed the external electric field is a classical background and take one dimensional spatially uniform but time dependent electric field which is characterized by the 4-vector potential A µ = (0, 0, 0, A(t)). The electric field can easily be calculated by E(t) = −dA(t)/dt. As the external gauge field varies in time one can decompose the spinor field in Fourier mode [24] Ψ(x, t) =
where b p,s (t) and d † −p,s (t) are the annihilation and creation operators for the particle and antiparticle with momenta ±p and spin s in a time dependent basis. In particular Dirac matrix basis (eigenvectors of γ 0 γ 3 ), one can write the time dependent spinors u p,s (t) and v p,s (t) in to a single function ψ p (t), which satisfies the equation
where
(t) and P 3 (t) = p 3 − eA(t). Here one can define the adiabatic particle number basis where the creation and annihilation operators are written as
is the dynamical phases accumulated between initial to final state.
The operators B p,s (t) and D p,s (t) satisfies the Heisenberg-like equations of motion
where the quasi-particle Hamiltonian H(t) is given by
We now define the occupation number of electron in a time dependent basis with spin s and momentump at instantaneous vacuum state f s (p, t) =< 0 in |B † ps (t)B ps (t)|0 in >. Similarly one can also define the occupation number of the positronf s (−p, t) =< 0 in |D † −ps (t)D −ps (t)|0 in >. Here f s (p, t) =f s (−p, t) due the charge conjugation invariance. Now f s (p, t) andf s (−p, t) will serve as a single particle distributions functions in quasi-particle representation [12, 33] . The evolution of
where φ s (p, t) =< 0 in |D −ps (t)B ps (t)|0 in > is the particle-antiparticle correlation function, which satisfies the evolution equation
provided that f s (p, t) =f s (−p, t) is used. In general, φ s (p, t) = u s (p, t) + iv s (p, t) which turns into the above equation
In particular, we have three set of first order differential equations for the complete dynamical evolution of the vacuum electron-positron pair production process which are listed as (we have absorbed an extra minus sign which appears in above equations of f (p, t), u(p, t) and
The anomalous average term u(p, t) which represent vacuum polarization effects plays an important role in the source term of the pair production. In fact this term gives the information about the quantum statistic character via [1 − 2 f (p, t)], due to the Pauli exclusion principle. The term v(p, t) denotes some kind of countering term to the pair production which is basically the pair annihilation in the vacuum excitation process. One can also combine the above set of first order differential equation into a single first order integro-differential equation
which will serve as the basis of the quantum transport equation of the vacuum particle pair production [32, 34] where the non-Markovian character or the memory effect is present via the terms [1 − 2 f (p, t)] and the highly oscillating kernel cos[2Θ(p; t, t ′ )].
We solve the Eq. 13 numerically for time dependent single and multi-sheeted ultrashort Sauter and Gaussian laser pulses as discussed in Sec. II A with initial conditions f (p, t i ) = u(p, t i ) = v(p, t i ) = 0 at t i → −∞ instead of solving the Eq. 14 which is non-local in time and involves very rapidly oscillating phase with double the frequency of ω(p, t) of the quasi-particle. In addition to that the set of coupled differential equations of ( f (p, t), u(p, t), and v(p, t)) has the first integral of
prior to the above mentioned initial conditions.
III. RESULTS
In this section we present the momentum spectrum of the created particle based on the numerical solution of Eq. 13 for time dependent multi-sheeted Sauter and Gaussian pulses to show the effect of sub-cycle oscillations of the high frequency carrier wave over the smooth pulse on the asymptotic distribution function of the created particles (antiparticles) in quantum kinetic approach. 
A. Momentum distribution of created particles at asymptotic time
The evolution of the quasi-particle distribution function gets modified by the interaction of time dependent electric field with quasi-energy ω(p, t) = m 2 + p 2 ⊥ + P 2 3 (t) and quasi-momentum P 3 (t) = p 3 − eA(t). The initial virtual electron positron plasma state undergoes evolution process through quasi-electron positron (QEPP) regime to final residual electron-positron plasma (REPP) regime via the highly oscillating transient region [22, 23] . So it is important to see the effect of time dependent electric field with both single and multi-sheeted profiles on the evolution process of the vacuum fluctuation. The complete evolution of the quasi-particle distribution function for the single and multi-sheeted (ωτ = 4, 6) Gaussian (in the left panel) and Sauter (right panel) pulses is shown in the Fig. 2 for the longitudinal momentum value p 3 = 0. For the single sheeted pulse the quasi-particle distribution function in QEPP region increases linearly for time duration when electric field E(t) is increasing. After that it undergoes decay followed by the very rapidly oscillation region which is know as the transient region. In the inset of Fig. 2 shows the evolution of the quasi-particle distribution function at transient regimes which shows very rapid oscillation. For the single-sheeted pulse the transient region has rapid but regular oscillation for both the pulses.
It also reveals that the formation of transient region occurs at earlier times for the Gaussian pulse than the Sauter pulse. But for the multi-sheeted pulse the evolution of quasi-particle distribution function shows oscillatory behaviour in the QEPP region. The formation of transient region occurs at late times than the single sheeted pulse and it has very rapid and irregular oscillations.
Therefore, the use of the QKE formalism has the potential to see the momentum spectrum of the quasi-particles at all the times which becomes real particle at asymptotic times. Therefore it is informative to present the momentum spectrum of created particles from vacuum fluctuation in the presence of a single sheeted Sauter and Gaussian pulses at finite (QEPP and transient stages) and asymptotic times (REPP). Fig. 3 shows that the distribution of momentum spectrum of created particles are identical (although differs in peak values) for Sauter and Gaussian pulses for both the times and it forms as a unimodal smooth profile. For the single-sheeted Sauter pulse with electric field E(t) = E 0 cosh −2 (t/τ) and the corresponding vector potential A(t) = −E 0 τ tanh(t/τ) has exact solution of QKE in Eq. 14 under low density and weak field limit [34] . Under the stationary phase approximation the dominant contribution occurs at t p which satisfies the relation ω(p, t p ) = 0.
Here the structure of turning points t p = τ tanh −1 ((±im − p 3 )/eE 0 τ) + inπτ where n is integer number. So all the turning points are located in imaginary axis with complex conjugate pairs and the dominant contribution comes from n = 0 case. Therefore, the pair creation mechanism is governed by the single pair of turning point and the asymptotic particle spectrum becomes smooth unimodal profile. But for the Gaussian pulse we do not have any exact analytical solution but the numerical shows that the momentum spectrum is unimodal smooth profile.
We continue our studies for the for the multi-sheeted Sauter and Gaussian pulses for ωτ = 4 and 6 for all the times before the quasi-particle distribution function reaches the REPP stage.
For convenience we present the momentum spectrum of quasi-particles at QEPP regions (t = Hereafter we study the momentum spectrum of the created particles at asymptotic times for the pulses and show the imprints of pulse shape dependence on the asymptotic momentum spectrum.
To begin with, we consider spectrum of created particles for the unchirped multi-sheeted Sauter with different values of ωτ parameters and compare with the Gaussian pulse which is reported in [35] . For instance we take ωτ = 4, 5, 6, 7, and 10 and φ = π/2.
For the multi-sheeted pulse for which the overall smooth profile is modulated by the high frequency oscillation of the electric field, the dynamics of the tunnelling mechanism changes a lot. The locations of the turning points expand over all complex t-planes and it greatly alters the asymptotic momentum spectrum of created particles. For the multi-sheeted pulse, the particle distribution gets modulated by the oscillations due to the interference effects of reflected waves from neighbouring turning points in over-the-barrier scattering formalism. We discuss the phys-ical explanation of the onset of oscillation induced over the momentum spectrum of the created particles due to the time dependent multi-sheeted Sauter pulse for the higher value of ωτ parameter compared to the Gaussian pulse in a qualitative manner by using two subsequent formalism: (a) the structure of the turning points about which the maximum tunnelling takes place and (b) overthe-barrier scattering potential for which the particle production is related to the time averaged reflection coefficient.
Here we present the asymptotic distribution function of the created particles for the multisheeted Sauter pulse along with the structures of the over-the-barrier scattering potential and the turning points in complex t-plane which is being calculated under stationary phase approximation.
We also present the distribution function and scattering potential distribution for the Gaussian pulse to show the dependence of the temporal pulse profile and its internal oscillations on the momentum distribution of the created particles. The momentum spectrum for the Gaussian pulse is shown in Fig. 6 with the same parameters used for the Sauter pulse in Fig. 5 for ωτ = 4, 5, 6, and 7. Here onset of oscillation on the momentum spectrum appears for ωτ = 4 as seen in the left panel of Fig. 6 . We discuss the turning points structures for a particular mode (p 3 = 0) with the sub-cycle oscillation of the multi-sheeted Sauter and Gaussian pulses and show the onset of oscillations over the momentum spectrum appears for different values of ωτ parameter for the pulses. In this section, we discuss the physical explanation of the onset of oscillation induced over the momentum spectrum of the created particles due to the time dependent multi-sheeted Sauter pulse and qualitatively compared with the Gaussian pulse case where the onset of oscillations appear for the lower value of the ωτ parameter. In Fig. 8 , we present the evolution of the scattering potential V(t) = −(p 3 − eA(t)) 2 for both the Sauter and Gaussian pulses with ωτ = 4, 5, 6, 7 for the longitudinal momentum p 3 = 0. It produces symmetric potential structure about t = 0. For ωτ = 4, the time evolution of the scattering potential is shown for both the pulses in Fig. 8(a) .
In this distribution, the potential for the Gaussian pulse has three bumps whereas for the Sauter pulse we have one bump. In this case one can approximately assume up to a qualitative manner the multiple potential bumps as a finite potential barrier with V = −|V| and E > V, therefore the reflection coefficient gives rise to average particle production rates. Now each potentials centre the modified momentum of the wave are p 0 = √ 2m(E + |V 0 |) (due to the central bump) and
where V 0 and V 1 are the strength of the potentials at the centre and two symmetric side bumps appeared adjacent to the central one. Here the absolute value of |V 1 | ≪ |V 0 | for the Sauter pulse, whereas |V 1 | < |V 0 | for the Gaussian pulse. Therefore for the Sauter pulse, the sides bumps are not contributed to the reflection event and the main contribution comes from the central potential. So there is no interference event in this case. On the other hand, for the Gaussian pulse, however, |V 1 | < |V 0 |, the side bumps start to contribute in the reflection event and therefore the total reflection coefficient is contributed from the individual reflection coefficients of the potential centres and therefore the interference effect comes in the picture.
The onset of oscillations in the momentum spectrum for the Sauter pulse also not appear for ωτ = 5 whereas the Gaussian pulse exhibits more pronounced oscillation which is obvious by looking the time evolution of the scattering potential structures in Fig. 8(b) . Here for the Gaussian pulse case, we observe five bumps in the scattering potential whereas for the Sauter pulse it still has one central bump with a dominant depth of the potential strength and the side bumps possess relatively less prominent potential height. Therefore for the Gaussian pulse the reflection events can take place from three potential centres (one from the central bump and two adjacent side bumps) and the resultant reflection amplitude is the sum of the individual reflection amplitudes (it is complex in nature and the corresponding phase term induces the interference effects) and the asymptotic reflection coefficient which is square modulus of the reflection amplitudes shows the interference effect. C. Effect of carrier-envelope offset phase on the momentum spectrum created particles at asymptotic times
The oscillatory patterns in the momentum spectrum of the created particles become more noticeable for changing the carrier-envelope offset phase. Fig. 10 shows the momentum spectrum of the created particles for the Sauter pulse with ωτ = 5 for the carrier-envelope offset phase φ = π/4
and 3π/4 in the upper panel and φ = 0, π in the lower panel. We compare our results with Gaussian pulse case which is reported in Ref. [35] . For both the combinations of φ, the maximum value of the momentum spectrum gets shifted towards the non-central value. In the lower panel of In this section, we focus on the effect of the linear frequency chirping on the momentum spectrum of the created particles at asymptotic times for the time dependent multi-sheeted Sauter pulse and we compare our results for the Gaussian pulse central carrier frequency ω 0 = 0.05 in [14] . We consider the values of frequency chirp parameter β = 0.00025, 0.0005, 0.00075 and 0.0015. For small value of β = 0.00025, the asymptotic momentum spectrum shows small oscillation induced over the smooth profile of the momentum spectrum as seen in Fig. 11 for the Sauter pulse whereas for the Gaussian pulse, the oscillation amplitudes is large. As we increase the value of β, the effect of oscillation is enhanced but the shape of the distribution remains intact. But it has been shown in [14] that for higher values of β, the momentum spectrum becomes highly oscillation with irregular profile for the Gaussian pulse. The same study is repeated for the higher frequency chirp parameter (β = 0.0015) to see its effect on the asymptotic behaviour of the distribution function for the same field configuration. In the right bottom of Fig. 11 , it is seen that the oscillations in the momentum spectrum are observed for both the positive and negative p 3 -values. The absolute value of the momentum spectrum has increased by three orders for β = 0.0015 compared to β = 0.00075 as seen in upper and lower panels of the Fig. 11 . The oscillatory structures due to the interference of the neighbouring turning points are closely spaced and it does not satisfy the resonant momentum condition such that the reflectance coefficient never goes to zero. One can also notice that the total momentum spread of the distribution is reduced and this feature is very sensitive to the detection of created particles via
Schwinger mechanism with reduced momentum window in the spectrometer. 
IV. CONCLUSION
To conclude, in this paper, we have studied the asymptotic distribution function of electronpositron pairs created in a spatially uniform time dependent multi-sheeted Sauter electric with sub-cycle structures. We have used the quantum kinetic equation for the time evolution of the momentum distribution function under mean field approximation (neglecting the collisional effect of the created particle-antiparticle pairs).
The momentum spectrum shows very strong sensitivity to the sub-cycle structures of the multisheeted Sauter pulse. We have observed that depending on the number of oscillations under the smooth profile of the Sauter pulse, the asymptotic distribution function of the created particles shows interference effects among the neighbouring turning points structures in the tunnelling events and modulates the smooth profile by the oscillations. We have found that such oscillations over the smooth profile of the distribution function strongly depend on the nature of the temporal pulse profile. Our findings show that for the Sauter pulse with same sub-cycle pulse parameters, the oscillations over the smooth profile of the momentum spectrum appears for higher values of ωτ(= 6) whereas for the Gaussian pulse, for ωτ = 4, the oscillations over the smooth profile begins to start. We have presented the possible explanation of the onset of oscillations on the momentum spectrum with higher values of the ωτ parameter for the Sauter pulse compared to the Gaussian one. We have qualitatively shown from the over-the-barrier scattering potential which shows multiple potential bumps for higher values of the ωτ parameter and the structures of the turning points for the time dependent tunnelling events for the onset of oscillation in the spectrum.
We have also noted the effect of the carrier-envelope offset phase on the momentum spectrum of the created particles for ωτ = 5. Here because of the presence of the carrier-envelope offset phase, the momentum spectrum shows strong oscillations. The locations of the turning points are significantly influenced by the carrier-envelope offset phase, which results in the enhancement of the oscillations in momentum spectrum. For φ = 0 and π, the momentum spectrum becomes a minimum of the oscillation which goes to zero for certain momentum values. From over-the barrier scattering problem, these are the resonant momenta which correspond to the perfect transmission in the scattering event and leads to zero reflection coefficients (no particle production).
Finally, we have studied the effect of the frequency chirping on the momentum spectrum of the created particles. We have seen that the spectrum shows the irregular oscillations which are due to the complicated turning points structures in the presence of the frequency chirping. There is a shift in the central maxima from p 3 = 0 to some non-zero values and absolute value of the particle has also increased. Therefore, we conclude, based on our present study that the dependence of temporal pulse shape effects on the asymptotic distribution function of the created particles (antiparticles) for Gaussian and Sauter pulses with the same parameters of the field. Such sensitivity to the momentum spectrum of the created particles on the pulse shape may help us to detect the signature of the Schwinger mechanism with certain momentum window.
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